w BITS, PILANI - DUBAI CAMPUS
Knowledge Village, DUBAI

I - Year - SEMESTER - II (2005-06)

MATHEMATICS - II (MATH UC192)

COMPREHENSIVE EXAMINATION
(Closed-Book)

Time: 03 Hours Max. Marks: 120
Date: May 28, 2006 Weightage: 40 %

Note:- 1. All questions are compulsory and should be answered sequentially.

2. There are TWO sections (A ‘and B) in the question paper and should be answered in
separate answer sheets AND write A/B on the top of each answer sheet in CAPITAL
BOLD LETTERS.

SECTION A

1. (a) Determine whether the following system of linear equations is consistent.

$1—£L'2+2_.'173+3$4=1
2$1+2.’172+2$4= 1
4$1+$‘2—$3—$4=1

1+ 222+ 3x3=1

If so, discuss completely the solution.
(b) Let U and W be two distinct (n— 1)—dimensional subspace of an n—dimensional
vector space V. Then Prove that dim(UNW) =n—2. (10+6)

2. (a) Prove that a non-empty subset of a vector-space V is subspace of Viffou+pfv € S,
whenever u,v € S and «, §, are scalars.
(b) Verify rank-nullity theorem for the linear transformation
T : V, — V; such that T(e;) = (1, 1, 1), T(ez) = (1, =1, 1), T(es) = (1, 0, 0),
T(es) = (1, 0, 1). (6+8)




3. (a) Determine the matrix (T : Bj, Bp) for the linear transformation T: P3—+ P,,
defined by T(cp + onx + 02? + 03z?) = @3 + (@2 + a3) T + (a0 + 1) 72, relative to
the bases By = {1, (z — 1), (z — 1)?,(z - 1)*} and B, = {1, z,2%}.

(b) Find an ordered basis of Vj relative which the vector (~1,3,2,1) has coordinates

4,1,—2, and 7. (9+6)

4. (a) Prove that the linear transformation
T : Va3 — V; such that T(e;) = e; + €g, T(e2) = e1 — ex + €3, Te3) = 3e; + 4e, is
non-singular and find its inverse.

(b) Determine eigenvalues and the corresponding eigenvectors for the following ma-

trix
0 & 1
A=\ 1 0 1 |.
[£0)
(7+8)
SECTION B
1. (a) Let
e G (3,y) # (0,0),
f(z) = 1)
0 () = (0,0). ®

Are Cauchy-Riemann equations satisfied at (0,0)7 Justify.

(b) Show that u(z,y) = e® cosy is harmonic in some domain D and find a function

v(z,y) such that f(z) = u+ iv is analytic in the domain D. (748)

2. (a) Show that (i) Log(1 + %)® = 2Log(1 + %);
(ii) Log(—1 + %)? # 2Log(—1 + 1).
(b) Show that

. 1+e™
* = 1— 1
/Czdz 2 ( 9,




where 2* denotes the principal branch

2* = exp(iLogz) (]z] > 0,—7 < Argz < m) and where the path of the integartion

is any contour from z = —1to z = L. ' (7+8)

. (a) Let C be positively oriented unit circle |z| = 1. Then evaluate

. 1 2 . 2
2)2 d, / +e%) da.
O [+3)7de, @) [ (1 +e) d
(b) Give the two Laurent series expansions for the function

1
f(z)=m,

and specify the region in which those expansions are valid. (7+8)

. (a) Use residues to evaluate the improper integral

/°° Ccos T d.’L'
oo @ 1)

(b) Use residues to evaluate

o do :
.[) 1+acosé’ (-1<a<l)

(7+8)
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Note:- 1. All questions are compulsory and should be answered sequentially.

2. There are TWO sections (A and B) in the question paper and should be answered in
separate answer sheets AND write A/B on the top of each answer sheet in CAPITAL
BOLD LETTERS.

SECTION A

1. (a) Determine whether the following system of linear equations is consistent:

Ty +2r0+ 43+ 4 =4
2{81 —x3+3z4 = 4
r — 211,‘2 — T3 = 0
3.’Bl + T — T3 —5$4 =T.
If so, discuss completely the solution.

(b) Find whether the polynomial 3z%+z+5 € [S], if S = {z®, 22 +2z, 22 +2, 1—x}.
(c) Is

S={fec@h /(G =1y,

a subspace of C(a,b)? Justify. (9+4+3)

2. (a) Find out whether the subset S = {(1,2,3), (3,1,0), (—2,1,3)} forms a basis for
V3? If not, find a basis for [S]. ,
(b) Find the coordinate vector of the vector (—v/2, =, e) of Vj relative to ordered
basis B = {(2,1,0), (2,1,1), (2,2,1)}. (7+7)




3. (a) Find range, rank, kernel and nullity of the linear transformation T : Vs — V3
such that T'(z1, 3, z3) = (v1+ 220 — 3, T2 + T3, T1 + 22 — 2z3), also verify rank-nullity
theorem.

(b) Prove that the linear transformation T': P, — P; defined by
T(ao + a1z + ax?) = (ap + 1) + (a1 + 202)x + (a0 + o + 3az)z?,

is non-singular and find its inverse. (8+7)
1 2
4. (a) Let A= 0 1
-1 3

Determine a linear transformation T such that A = (T : By, B,), where,
By = {(1’ 1)? (_1’ 1)}7 B, = {(1’ 1’ 1)’ (1’ -1, 1)) (0)0’ 1)}
(b) Determine the eigenvalues and corresponding eigenvectors of the following matrix: .

3 -2 0
-2 3 0}].
0 0 5

(7+8)

SECTION B

1. (a) Prove that the function f(z) = e® cos(Inr) +ie~?sin(Inr) is differentiable in the
domain r > 0, 0 < 8 < 2, and find f/(2). | v
(b) Show that u(z,y) = log /2% + ¢? is harmonic in some domain D and find a
function v(z,y) such that f(z) = u +4v is analytic in the domain D. (7+8) .

2. (a) Evaluate

/Cf(z)dz, where f(z) = mwexp(nZ),

and C' is the boundary of the positively oriented square with vertices at 0, 1, 1 +74,
and 1.

(b) Let C be the circle |2 — 2| = R, taken in the positive sense. Show that

a

/ (2 — 2)* ldz = i2R
c a

sin(ar),




where a is non-zero real number. Here the principal branch of the integration is taken
(- <8< m). (8+47)

. (a) Let C be any simple closed contour described in the positive sense in the z plane,

and

ow) = [, {:;—_t;%-)z-gdz.

Show that g(w) = 6miw, where w is inside C and find g(w) when w is outside C.

(b) Give the two Laurent series expansions for the function

1
f(z)—'zg(l—_z)',

and specify the region in which those expansions are valid. (7+8)

. Use residues to evaluate the improper integrals

(b)

(8+7)

Good Luck . . .
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BITS, PILANI - DUBAI CAMPUS
Knowledge Village, DUBAI

I - Year - SEMESTER - II MATHEMATICS - II (MATH UC192)
QUIZ 1II - (Closed-Book)

Time: 30 Minutes Dated: May 11, 2006 Max. Marks: 30

ID No: Section No: Name:

Note: (1) Write ID No., Name, Sec. No. and Answer in the space provided. (2) Overwrit-

ing will be treated as wrong answer.

1. The Laurent series of the function f(z) = 28 for the domain 1 <| 2z |< oo is

----------------

2. Let C be positively oriented boundary of the square with sides r = +2 and y = +2
then

2
A2 = oo,
/c2z+1 o

3. By using the branch log z = Inr +i6 (r > 0,0 < 6 < 2x), the value of the log(—1 —1)

is calculated as ................

4 The value of the integral

/c Log[(z + 2)%|dz = ..ccvuerunee. ,

where C is the positively oriented circle | z |= 1.




10.

Let C be the positively oriented circle | z |= 2, then

1
/czz+1dz— ................ ,

Let C be the positively oriented circle | 2|=2from z =2 to z = 2 then

1
cz22+4+1

dz | < v ,

If C is straight line from (0,0) to (2, 1) then

.................

Give the domain in which the function f(z) = (z3 + 3zy?) +i(y® + 322%y) is differen-
tiable ................

o}

Good Luck . . .
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Time: 30 Minutes Dated: May 11, 2006 Max. Marks: 30

ID No: Section No: Name:

Note: (1) Write ID No., Name, Sec. No. and Answer in the space provided. (2) Overwrit-

ing will be treated as wrong answer.

1. The value of the integral

/c Log[(z + 2)%|dz = ............... :

where C is the positively oriented circle | z |= 1.

2. Let C be the positively oriented circle | z |= 2, then

1
Amdl—— ................ y

3. The principal value of the

4. Give the domain in which the function f(z) = (23 + 3zy?) + i(y® + 32?%y) is differen-
tiable ................



10.

The Laurent series of the function f(2) = 21 for the domain 1 <l z|< xis

Let C be positively oriented boundary of the square with sides £ = +2 and y = +2
then

[ o2 dz= |
C2z+1 F A R .

By using the branch logz = Inr+i0 (r > 0,0 < 6 < 2r), the value of the log(—1— 1)
is calculated as ................
Let C be the positively oriented circle | z |= 2 from z = 2 to z = 2 then

1

——dz | < v
Cz2+lz|— ’

If C is straight line from (0,0) to (2,1) then

/ 2dz = ... ,
c |

Good Luck .




BITS, PILANI - DUBAI CAMPUS
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Weightage: 20 % Duration: 50 Minutes

Note: 1. Only the text book and class notes are allowed.
2. All questions must be answered in serial order.

QLIfT: ¥V, >V, isalinear map defined by

T (x, ¥, z) = (x +y—22,x+2y+2,2x+2y— 3z) -Verify the rank-nullity theorem. -
)
Q2. Find the matrix of T : Vi—>V,by T (x, ¥, z) = (2x+3 y-z4x— y+22,) relative to
the basis S, ={{1,1,0),(1,2,3), (13,5)} , S, ={(12), (2,3)}

Is T non singular? ®)
3 -1 1
Q3. Find the eigenvalues and eigenvectors of 4™ if A=|7 -5 1
6 -6 2

)

Q4. Find the range, rank, null space and nullity of the linear map7': V, — P, defined by
T(a,b)=a+ax+ax?.

(6)
Q5. (2) Find the value of z if €** =—+/6 —2i
()
(b)Is Log(l + J3— i)z = 2Log(1 ++3 i) ? Justify.
(%)
Q6.1s f(z)=e” analytic? Justify.
®)

Q7.Show that u(x, y) =xy and v(x, y) =x’ -3xy? are both harmonic functions but they
are not harmonic conjugates. ' s

B (6)
Q8.Using polar form of the C-R equation, prove that

> 16v 1 8% ‘
o ror riogr 0 ©




BITS, PILANI-DUBAI CAMPUS
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I Year- Semester-II (2005-06)

MATHEMATICS-II (MATH UC192)
MAKE Make-Up TEST-I (Closed Book)

Time: 50 Minutes MM: 60
April 20, 2006 Weight age: 20%

NOTE: All questions are compulsory.

1. (a) Investigate for what values of A and u, the system of equations
x+y+z=6,x+2y+3z=10,x+2y+ Az = u have:
(i) No solution, (ii) Unique Solution and (iii) Infinite number of solutions.

(b)Prove that a non empty subset S of a vector space ¥ is a subspace of ¥ if and
only if au+ fve S,V u,v € S and all scalars a, S.
(9+6)
2. (a)In any vector space prove that au =0 iff a=0o0r u=0.
(b) Let v,,v,,.....,v, be n-elements in vector space V. If v, €[v,,v,,.....v,_;], then

7+8
3. (a) If aset is linearly independent, then any subset of it is also linearly independgnt. )
(b) Istheset S = {sin x,sin 2x,sin3x,....... sin nx} linearly independent subset of
Cl{—n,n] for every positive integer n ? Justify.
(7+8)
4. (a)Given S, = {(1,2,3), (0,1,2), (3,2,1)} and S, = {(1,—2,3), (-1,1,-2), (1,—_3,4)},
determine the dimension and basis for [S,]1N[S,].
(b) Determine whether there exists a linear map in the following case and if exists
give the general formula T :V, — ¥, such that
TOD=(34), TGD=(22) and T(32)=(57)
S (7+8)




BITS-PILANI, DUBAI CAMPUS

MATHEMATICS-II (MATHUC 192)

I- Year-Semester-II (2005-06)

TEST-II (OPEN BOOK)

TIME: 50 Minutes APRIL 23, 2006 Max. Marks: 60

Note: 1. Answer the questions in serial order.
2. Only Text Book and Class Notes are allowed.

- 1. "Show " that = the linear  transformation T': Vo=V, defined by

T(x,y)=(5x+y,3x~2y)is nonsingular and find T~'. Determine the matrix

(T : B, B,) where B, B,are the standard bases. €))
0 1 -2

2. Find the eigenvalues and eigenvectors of A° if A=|-1 2 —4 " (8)
-11 4

3. Find the linear transformation T':¥; — ¥, such that 4=(T :B, B,) where

3 2 -1
A= (o L4 ) B ={(1,0,1),(1,1,0),(1,0,0)}, B, ={(1,2),(2,3)}. ©)
4. Find the matrix A of the differential operator D on a vector space V relative to the basis
S ={sin 6, cos@}for V. 4
5. (a) Find all the values of z if % =1+ . @)
1-i\/3

Find argz if z= ————, 3
®) & 4+i4«/§ ®

© Is Log(i®) =3 Log(i)? 3)



x4+y4

2.2 ,
6.Let f(z)=22 F+D) z;&O}

=0 , z=0
Prove that the CR equations are satisfied at (0,0) but f’'(0) does not exist. ®)

1
7. Are the polar form of the CR equations satisfied for the function f(2)=z+—
z
wherez # 0? Justify. Is f(z)analytic forz #0? (6)

8.1f u(x,y)=x*—y? +x—y, show that u(x, y) is harmonic and find its harmonic
conjugate and construct f(z). '(6)




BITS, PILANI-DUBAI CAMPUS
KNOWLEDGE VILLAGE, DUBAI

I-Year-SEMESTER-II (2005-06)
MATHEMATICS-II (MATH UC192)
MAKE UP TEST -1 (Closed Book)
Time: 50 Minutes Max Marks: 60
March 22, 2006 Weightage: 20%

NOTE: - Answer all FOUR questions in serial order.

1. (i) Check the consistency of the following system of equations:
x+2y-z=3, 3x-y+2z=1, 2x-2y+3z=2, x—y+z=-1.

If consistent, solve completely. _
(ii)Is the subset S = {(x,,xz,x3)lx, -2x, =x, —%xz} of V3 a subspace?

Justify. _. (9+6)

2. (i) If S is a non-empty subset of a vector space V, prove that
[S]=S iff S is a subspace of V.
@ADIf
U= {(x,,xz,x3,x4) ev, 'xl TX, + Xy = 0}’
V={x,%,x,x)eV |35, -x, =0} UVeV,
Find the dimension and basis for subspace UNV of V. . (6+9)
3. (i) Is the subset S = {l,x,(x-Dx,(x-1)(x-2)x} form a basis for
V = p,?Justify.
(ii)Prove that the vectors (g, b), (c, d) are linearly dependent iff ad=bc.
(8+7)

4. (i)Determine whether there exists a linear map in the following
case T:V, >V, such that 7(0,1,2) = (3,1,2) and
T(1,1,1)=(,2,2).
If it does exist, give the general formula.

(ii) Determine a linear transformation T : V, =V, which maps all the
vectors on the line x + y = 0 onto themselves. (T'#1). (9+6)



BITS, PILANI - DUBAI CAMPUS
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Time: 50 Minutes Max. Marks: 60
March 12, 2006 Weighage: 20 %

Note:- Answer all four questions in serial order.

1. (i) Determine whether the following system of linear equations is consistent.

22’}1 +$2+.’L‘3+$4=2
‘ 3z1—x2+x3—x4=2
T1+2ry —z3+24=1

6.’131+2.’172+$3+CB4=5

If so, discuss completely the solution.
(if) Determine whether the subset § = {(z,9,2) € V5 | 2z = yy} of vector space V3
is a subspace. Justify your answer. (10+5)

2. (i) Let v; and vy be two elements of a vector space V, prove that
[v1, v2] = [v1 — vy, v, + vy)

(ii) Which of the following subset S of a given vector space V are L.I.7

(8) S={2, 4sin’z, cos’z, z}; V = Cl—m,x).
(b) S={222 -z +7, 2%+ 4z 4 2, 22 -2z +4}; V =P, (7+8)

3 OUU={peP|pQ) = 0} and W = {p € P, | P'(1) = 0} are subspace of P
Then find the dimension and basis for U 1 W L
(ii) Find an ordered basis for V4 relative to which the véétdr (=1, 3, 2, 1) has the
coordinates 4, 1, -2, and 7. | (9+6)

4. (i) T : Py — P; such that T(l+2z)=1,T(z) = 3 and T(2z?) = 4. Find a formula
for T, if it exists.
(ii) Prove that a linear map on a I-dimensional vector space is nothing but multi-
plication by fixed scalar. :
(iii) Is the zero map linear ? Justify. (6+5+4)



I- Year-Semester-II (2005-06)

QUIZ - I (CLOSED BOOK)

-—  TIME: 30 Minutes February 21,2006 — Max. Marks: 30

ID No. Name: Section No.:

Note: 1.Write ID No., Name and Sec. No. in the space provided.
2. Overwriting will be treated as wrong answer.

1. Is the system

y—2z=3

3x+z=4

x+y+z=1
inconsistent? -

2. Is an empty subset of a vector space V is a subspace of V?

3. A homogeneous system of linear equations is always consistent, since

1 2 -1
4, The rank of the matrix A=|—-1 3 0 |is
2 1 3




6. Can {feC/f(0)=f(2) }beasubspaceofC?

7. 1Is {peP/p(%)=O} a subspace of P, ?

8.1s {(x;,%,,%3)/2%, +x, +3x; =1 } a subspace of V32 Justify.

9.1s A={a(0,0,0)/aisa scalar } asubspace ofV;? Justify.

10.Isthematrix A=| 1 —1 1| asingular matrix?
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